In this study, the static analysis of a simply supported square functionally graded sandwich plate is performed. The core of the sandwich plate is assumed to be isotropic and the face sheets functionally graded. The variations in the effective properties of functionally graded face sheets along the thickness are obtained by using Mori-Tanaka Micromechanical Model. Four variable plate theory is used for the displacement fields. The equation of sandwich plate under sinusoidal load is obtained using the virtual displacement principle. Closed form solution is obtained with Navier's approach. Parametric values are obtained for the core and face sheet thickness ratios. The numerical results are compared with the literature and a good agreement between the obtained results and other theories in the literature is observed.
INTRODUCTION
Laminated composite materials are very popular and attractive for many application such as space, aircraft, automotive and sports etc. Since the laminates have different material properties, stress concentrations and delamination may occur in the layer interface. In order to overcome these problems, a new composite material type whose material properties varying gradually along a function was developed. Composition and structure of this functionally graded materials change gradually along the volume as a result of the change in the properties of materials. As the application areas of functionally graded structures expand, predicting the behavior of these materials under static and dynamic loads has become an important research area. Researchers have used existing theories or proposed new ones for Note:
-This paper has been received on February 19, 2018 and accepted for publication by the Editorial Board on October 09, 2018. -Discussions on this paper will be accepted by May 31, 2019.  https://dx.doi.org/10.18400/tekderg.396672 analysis of bending, buckling and vibration of functionally graded plates and beams [1, 2] . Numerous studies using the classical plate theory [3, 4] , which does not take into account the effects of shear deformation, the First-Order Shear Deformation Theory [3] [4] [5] [6] , which assumes shear deformation to be linear along the thickness, or High Order Shear Deformation Theories [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] can be seen in the literature. High Order Shear Deformation Theories can produce more accurate results, satisfying the condition where the shear stress at the boundary is zero. However, the calculating procedures of high order theories are considerably complex. Shimpi [17] developed a new theory for isotropic plates that separate transverse displacement as bending displacement and shear displacement. In addition to the computing process being very simple, the theory is accurate as a high order theory. Four Variable Plate Theory has been used by Mechab et al. [18] for the bending analysis of functionally graded materials and Houari et al. [19] for the thermoelastic bending analysis of functionally graded sandwich plates. The theory has been used in numerous studies for static and dynamic analysis of functionally graded plates due to its simplicity of calculation [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
In the present study, static analysis of a square functionally graded sandwich plate is investigated by using the Four Variable Plate Theory. For the functionally graded face sheets, the effective properties of the material are varied through the thickness with a function which is derived by using Mori-Tanaka Micromechanical Model. The equations of the simply supported square plate are obtained through the virtual displacement principle. Navier's approach are used for the closed-form solution. Deflection, normal stress and shear stress values for varying ratios of core and face sheet thickness are obtained and compared with the literature.
EQUATIONS OF FUNCTIONALLY GRADED SANDWICH PLATE
A sandwich plate with a thickness of h, a length of a and a width of b is considered. For a square sandwich plate, b is equal to a. The face sheets of the sandwich plate are assumed to be of a functionally graded material and the core is assumed to be of homogeneous isotropic material. The outer parts of the plate are metal and the inner part gradually change from metal to ceramic. The interface between face sheets and the core is completely of ceramic.
The variation of the properties of the sandwich plate along the thickness is given in Figure 1 . The section between h 1 and h 2 is referred to as bottom FG face sheet, the section between h 2 and h 3 is referred to as homogeneous core and the section between h 3 and h 4 is referred to as upper FG face sheet.
Fig. 1 -Transverse section of FG square sandwich plate with sinusoidal loading
The variation of the elasticity modulus of the functionally graded sandwich plate is given in Equation (1) . Among the lower indices, bottom is used for lower sheet and top is used for upper sheet. The lower index of c represents ceramic and m represents metal. p is the power convention index and when it takes the value of zero, it represents the ceramic material.
Increasing p values represent metal-rich material. Poisson's ratio is assumed to be constant along the thickness.
In Eqs. (2)-(5), V c and V m are the volume fractions of metal and ceramic materials for lower and upper face sheets.
In calculating the effective properties of composite materials composed of two different materials with different phases, Mori-Tanaka Micromechanical Model [30] is used. The change in the elasticity modulus of the lower and upper face sheets along the thickness is given by means of E bottom and E top functions. Equations (6)- (7) .
Displacement components u, v and w respectively denote the displacements in the x, y, and z-axes. (Eqs. (8)-(10)) The lower index of b represents the bending coupling of transverse displacement and s represents the shear coupling of transverse displacement.
Eqs. (11)- (16) give the relationships between strain and displacement.
The f(z) and the g(z) functions are described in Equations (17)- (18) .
The constitutive relationships for functionally graded sandwich plate can be derived as follows. (Eqs. (19)- (20) .
Rigidity expressions along the thickness can be written as follows. (Eq. (21))
Governing equations can be obtained by using virtual displacement principle. Where U is the strain energy and W is the work done by external force:
Force and moment components are obtained as follows:
The rigidity matrix can be written as follows.
The stiffness coefficients are given in Eq. (31) collectively.
Eqs. (32)-(35) are plate equilibrium equations.
The differential equations of the plate (Eqs. (36)-(39)), are obtained by using the force and moment components in Eq.(30) by inserting in Eqs. (32)-(35). 
For the analytical solution of the simply supported plate, Navier's procedure is used. The external force applied is written in double series expansion according to the Navier's approach.
q(x, y) = ∑ ∑ q sin(αx) sin(βy)
where α = , β = . For sinusoidal loading, m, n, and q mn are defined as follows.
The displacement components fulfilling the boundary conditions according to the Navier's solution procedure are considered to be as follows: 
the coefficients of K matrix are given in Eq. (48)
RESULTS
Some results are presented for the Navier's solution of the functionally graded square sandwich plate which is under sinusoidally distributed load and simply supported in all edges. The properties of the material used for obtaining the numerical results are defined as follows:
In order to compare the values with those in the literature, the following non-dimensional expressions are used.
where E = 1 . For the comparison of numerical results, plate thickness ratios found in the literature are used. Four symmetric and two non-symmetric ratios are used.
(1-0-1) FG sandwich plate: The plate without a core. h 2 =0 and h 3 =0 In the Figure 2 , the variation of elasticity modulus along the thickness for symmetric and non-symmetric sandwich plates is given. The plate, which is metal in the outer surfaces, turns into a ceramic-rich form as it gets closer to the midplane. The change in the elasticity modulus diverges from being linear with the increasing power law index and shows parabolic distribution. Table 1 , it is seen that the lowest deflection value is obtained with the p=0 where the plate is completely ceramic. Its metallic properties increase with the increase in the p and thus, the deflection increases. Different thickness ratios reveal that the highest deflection value is observed in the (1-0-1) FG sandwich plate where there is no core. The deflection value decreases as the core-to-plate thickness ratio increases. The lowest deflection value is obtained in (1-2-1) FG sandwich plate. Non-dimensional normal stress values are listed in Table 2 with different p values for different thickness ratios. Nondimensional shear stress values are listed in Table 3 . In the table, obtained results are overassumed compared to the references. Figure 3 shows the non-dimensional deflection of the symmetric sandwich plates with different thickness ratios. In each of four symmetric ratios, the lowest maximum deflection value is obtained for p=0 as expected. It is observed that, maximum deflection is increased along with increasing power convention index. When all the four symmetric ratios are compared, it is seen that, the highest maximum deflection value is obtained in the (1-0-1) FG sandwich plate. The second largest maximum deflection after the (1-0-1) FG sandwich plate occurs in the (2-1-2) FG sandwich plate, which is the condition where face sheet thickness is the highest as compared to the core thickness. In the (1-1-1) and (1-2-1) FG sandwich plates whose face thicknesses are equal, it is observed that the maximum deflection value decreases with the increase in the thickness of the core. Also, the non-dimensional deflection of the non-symmetric sandwich plates with two different thickness ratios are given in the Figure 3 .
In the (2-2-1) FG sandwich plate where the core is thicker, the maximum deflection has a lower value. In the (2-1-1) FG sandwich plate, it is observed that the maximum deflection rapidly increases with increase in the p value. In the Figure 4 , non-dimensional normal stress distributions of the symmetric sandwich plates along the thickness are given. In the (1-0-1) FG sandwich plate, the normal stress shows a linear distribution for p=0 and a parabolic distribution with the increase in p, and the values for maximum tensile and compressive stress decrease. In the (1-1-1) FG sandwich plate, which has core and face sheets thicknesses of equal value, it is observed that the local extreme stress, which occurs between the face and the core, is lower than the (2-1-2) FG plate. Nevertheless, it is clear that the highest local extreme stress occurs in the (1-2-1) FG sandwich plate. For all thickness ratios, maximum tensile stress and compressive stress values decrease with the increase in the power convention index. Figure 4 also presents the non-dimensional normal stress distributions of the non-symmetric sandwich plates along the thickness. The normal stress distribution of the core appears to be linear for both plates, and the stress, which occurs between the face sheet and the interface of the core in the (2-1-1) FG sandwich plate is lower. The stress value decreases in the thinner face sheet with the increase in p. In the (2-2-1) FG sandwich plate, it is observed that the normal stress, which occurs between the thin face and core interface, is higher in comparison with the (2-1-1) FG sandwich plate. Figure 5 shows the normal stress distributions along the thickness direction for different ratios of core and face sheet thickness values. Figure 5 (a) demonstrates p=1 and Figure 5 (b) demonstrates p=5. The highest normal stress values are seen at the interface of the core and face sheets in (1-2-1) FG sandwich plate for both p=1 and p=5. For p=5, local extreme stresses are observed at the interfaces. Shear stress distributions of the symmetric sandwich plates along the thickness direction for different power law index values are seen in Figure 6 . In (1-0-1) FG sandwich plate, which does not contain a core, shows that the maximum, stress which occurs in the interface between lower and upper face sheets, rapidly increases with the increase in the p-value. In the (1-1-1) FG sandwich plate, in which the thickness of the core and the face are equal, it is observed that the shear stress value in the face sheets decreases, but the shear stress value at interface of the core and the face sheets, and the maximum shear stress increases with increasing p-value. With the increase in the p-value in the (1-2-1) FG sandwich plate, in which the thickness of the core is higher than that of the face sheets, the shear stress value decreases in the face sheets, but the same value slightly increases in the core. In the (2-1-2) FG sandwich plate, which has the smallest core-to-face thickness ratio, the shear stress decreases with the increasing p-value, but the shear stress values of the core and the interface increase rapidly. Shear stress distributions of the non-symmetric sandwich plates along the thickness direction for the power convention index values can be seen in Figure 6 . In both combinations, the shear stress of the core has a non-symmetric distribution. The shear stress, which occurs in the interface between the core and the thicker face sheet is considerably higher than the other interface. In the shear stress distribution that occurs in the face sheets it can be seen that the thin face sheet is less severely affected by the power convention index, and the stress distribution of the thicker face sheet decreases with the increasing p-value in both conditions. Figure 7 gives the shear stress distributions along the thickness direction for different ratios of core and face sheet thickness values. Figure 7 (a) demonstrates p=1 and Figure 7 (b) demonstrates p=5. The shear stress in all ratios increases with the increase in the p-value. In the shear stress distribution of the (1-0-1) FG sandwich plate for p=5, it is observed that the shear stress rapidly increases in the section closer to the interfaces, and it takes values that are very similar to the p=2 condition in the areas closer to the face sheets. The stress distributions remain in the same form with the increase in the p-value and they are shifted towards higher values. The analysis of the shear stress distributions of the sandwiches with symmetric combinations reveals that as the core-to-face thickness ratio increases, the maximum shear stress and the shear stress which occurs in the interfaces decrease. Fig.7 -Dimensionless transverse shear stress for different type of square sandwich plates.
CONCLUSION
Static analysis of a functionally graded square sandwich plate is studied in this paper. The effective properties of the functionally graded face sheets are varied through thickness direction with the Mori-Tanaka Micromechanical Model. For displacement fields, the Four Variable Plate Theory is used. The theory separates the bending and shear coupling of vertical displacements, so it is very simple and accurate. The equations of the simply supported square plate are obtained through the virtual displacement principle. Navier's approach is used for the closed-form solution. Numerical results are obtained for Al-ZrO 2 square sandwich plate with sinusoidal loading. Non-dimensional deflection, normal stress and shear stress values for different core and face sheet thickness ratios are obtained and compared with the references. It is seen that obtained results are sufficiently in agreement with the other theories.
